The electronic bands are classified according to their topology. We compute the connection and curvature for the electronic bands and show that the physical properties are determined by topological invariants which are equivalent to the existence of the zero modes. We apply this method to the Topological Insulators and Topogical Superconductors.
II -The method of parallel transport in momentum space
The spinors in the presence of the spin-orbit interaction [7] wary from point to point in B.Z.. This requier the use of parallel transport ψ( k)| a ψ( k) = 0 which is defined in terms of the spinors spinors |U α ( k) (α is the band-spin index). The parallel transport is defined in terms of the connection A α,β a ( k) ≡ U α ( k)|i∂ a |U β ( k) = d d xU * α,k (x)(x a )U β,k (x) and the curvature [X a , X b ] = F a,b for the coordinates. This allows to introduce the first and second chern character
Tr F a,b ( k)F c,d ( k) which are given in terms of the covariant coordinate (or polarization) X a = x a + A a ( k) ( x a is the coordinate in the momentum space x a = i∂ k a ) . This tools are essential for studing Topological Insulators and Superconductors which are gaped phases of fermionic systems which exhibit topological protected boundary modes to arbitrary deformation as long discrete symetry such as time reversal, particle hole and chiral symetry are respected. Due to the symmetries the Hamiltonian h( k) is invariant at the time invariant point k = Γ which obey T h( Γ)T −1 = h(− Γ) (time reversal with T 2 = −1) or charge conjugation Ch( Γ)C −1 = −h * (− Γ) (C 2 = −1). The product of the charge conjugation (particle-hole) with the time reversal allows to define the unitary chiral symmetry which holds in the entire B.Z.. As a result we have 10 symmetry classes. For the case that the inversion symetry P and the time reversal T symmetry hold, it has been proposed [6, 54] that computing U (−) ( Γ)|P |U (−) ( Γ) = SgnM (Γ) determine the topological invariant index Z 2 , I = i SgnM (Γ i ) The real challenge is to relate the index I to the quantized electromagnetic responce [18, 19] .
The space dependent basis in the B.Z. and real space . Due to the spin-orbit interaction [7] the spinors wary from point to point in B.Z.. Using the formal language of space dependent basis we introduce the tangent vector. In the local frame we have a set of vectors -e a ( x) which are related to the cartesian coordinates (this is similar to the use of a reference spinor). e a ( x) = e µ a ( x)∂ µ , V ( x) = a V a ( x)e a ( x) For translational invariant systems we have in the B.Z. the Bloch spinors which are a momentum dependent basis | k ⊗ η α ( k) ≡ |U α ( k) (when orbitals are included | k ⊗ σ i ( k) ⊗ τ s ( k) ≡ |U α ( k) ).
In the presence of a non tranlational invariant potential V (x) we replace |U α ( k) by :
Any Bloch Spinor can |ψ( k) be represented in terms of the momentum dependent basis |U α ( k) (or
In Quantum Mechanics we have the following matrix element for the momentum derivative ∂ a = i∂ k a : In real space-x|∂ a |y = −iX a δ(x − y) , X a is the coordinate operator. In momentum space -k|∂ a |p = ∂ a δ(k − p) The spin connection:id|U α ( k) ,"d" [8] is the exterior derivative d = ∂ a dk a , spin connection operator operator-Â a ( k) ,curvature operator-F ( k). The spin connection operator:Â a ( k) ≡ A 
The covariant derrivative for the spinors
The physics of electrons in a periodic crystal is determined by the eigenvectors (spinors) |U n ( k) (n is the band-spin index) behavior in the Brillouin Zone k ∈ T d (torus in a d dimensional momentum space). This behavior is similar to the parallel transport of a vector around a curve. We need to find the way the eigenvectors change under transport in the Brillouin Zone [7, 46, 88, 89, 90] . The topological properties are encoded into the connection A i (the vector potential in the momentum space) which measures the changes of |U n ( k) when it is transported in the Brillouin Zone. The changes are given by: id|U n ( k) − Γ m i;n dk i |U m ( k) = 0 (an index which appears twice implies a summation ). The matrix Γ m i;n is given by Γ m i;n ≡ i U n ( k)|∂ k i |U m ( k) = A (n,m) i
( k) where A is the connection. Applying twice the (exterior) derivative we define the curvature F = d(d|U n ( k) ( see eqs.7.145 − 7.145 , Nakahara (2008) page 285 [8] ) and find : F = d(d|U n ( k) ) = [∂ j Γ l i;n ( k) + Γ m j;n ( k)Γ l i;m ( k)]dk i ∧ dk j |U l ( k) = Observing the topology using external sources or disorder potential The Hamiltonian can be express in terms of the eigenspinors -eigenvalues. To obtain information about the topology, we have to transport the spinor around the B.Z. Alternatively we can include space dependent scalar and vector potentials a 0 ( x), a( x) and probe the respomse. The T I Hamiltonian H 0 with spin half and two orbitals | k ⊗ σ =↑, ↓ ⊗τ = 1, 2 in the presence of the external vector potential a( x) and scalar potential a 0 ( x) is given by:
The four component spinors for the Hamiltonian H 0 :
and V s ( k) are four component spinors for particles and antiparticles.
The surface T.I. Due to T.R.S. invariance with T 2 = −1 and finite chemical potential µ the integrated Fermi Surface curvature is π. The sitation is similar to spin-orbit scattering giving rise to anti − localization This can be demonstated using a diagramatic or a Non linear sigma pproach Due to the spin connections we find that the Cooperon changes sign! As a resut the conuctivity increases. The surface Hamiltonian is given by :
The effect of the random potential:
As a result the multiple scattering matrix S obeys:
This result is the reason for antilocalization which we have obtained in ref. [43] . III-Topological invariants from response theory In order to demonstrate the emergent of the topological invariant we will consider a typical T.I. Hamiltonian for the materials Bi 2 Se 3 , Bi 2 T e 3 , Sb 2 T e 3 . We introduce the tensor product |α ≡ |σ =↑, ↓ ⊗ |τ = 1, 2 (σ stands for the spin and τ stands for the orbitals). A four band model is obtained [63] which can be written in the chiral form [33] :
The first term affects only the eigenvalues and not the eigenvectors , η << 1. The γ matrices are given as a tensor product : .) The Hamiltonian h(k) is diagonalized using the four eigenvectors |U (e) s ( k) , s = 1, −1 are the spin helicity operator and e = +, − represents the particles-antiparticles energies, E( k) = ( k) ± k 2 + M 2 ( k) with the mass M ( k) which vanishes at k * and M ( Γ) = 0 :
The Green's function operator in the α basis |α ≡ |σ =↑, ↓ ⊗ |τ = 1, 2 is given by:
In the eigen vector basis the Green's function takes the form:
The transformation from the |α basis to the eigenvector basis |U e s ( k) replaces the coordinatê r i = i∂ i k with the covariant coordinateR i [7] . In the second quantized form the spinor operator Ψ( r) is given by:
(It is importat to stress that this representation is valid for momentum | k| < | k * |, for the region | k| > | k * | we need to choose a different representation.)The coupling of the T.I. to the electromagnetic field a( r, t) and a 0 ( r, t) is given by the action S ext :
We compute the partition function integrating over the Grassman fields [33] , for four space dimensions. We find that the effective action for the electromagnetic fields obtained by [3] is given by,
Using the totally antisymmetric tensor α 1 ,α 2 ,α 3 ,α 4 ,α 5 for four space dimensions we find the electromagnetic response , polarization energy (given in terms of the electric E and magnetic field B) :
with the quantized coefficient which dosen't breack the time reversal symmetry [3] . The response is given for 4 + 1 space time dimensions. [3, 34, 8, 41, 18, 19] ,
In the presence of aditional interactions the Green's function might have zeroe's [50, 51] , for such a case the system seizes to be topological. If the renormaized Green's function has no zeroe's the topology is preserved. The renormalized Green's function is exprestion in terms of the wave function renormalization Z,
is the wave function renormalization. When the wave function renormaliztion Z is finite at ω = 0 we take the limit ω → 0 and obtain the second Chern character only for four space dimensions [51] . Z cancels and we find:
The trace operator acts only on the occupied bands . The Green's function in the eigen vector basis representation replaces the calculation with a multiplicative covariant matrix coordinatesR i . The Chern chracter is given by a matrix multiplication. The commutator
The second Chern number is given by
which is either zero (exact form) or non-zero (non exact form). Therefore
dwhere
is the Chern-Simons three form [8] . K 3 can be found with the help of the gauge symmetry imposed by T 2 = −1 [8] . The second Chern number in four dimensional space is given by:
is closed but not exact [8] . This means that in some restricted regions of the Brillouin zone the integral S 4 T r[T r [F 2 ] is given by a Chern-Simons contour integral [8] :
This result does not hold in the entire B.Z.. We can identify two regions which are related by a transition function (a gauge transformation), a transformation matrix between states for the region k which belongs to half of the positive sphere (S 4 ) + and for k which belongs to second half, the negative shere (S 4 ) − . The matrix which transforms between the two regions is the Pfaffian matrix B defined in terms of the Kramers pair. We use the eigenvectors to compute the matrix
s ( k) the relation between the connections in the different regions A( k) and A(− k):
and the curvature transform like :
for the two different regions we obtain a boundary integral over the difference of the Chern-Simons terms defined for each region .The difference between the two Chern-Simons terms can be understood as a polarization difference between the two regions. The boundary is a surface perpendicular to the fourth direction q (physically we can introduce the concept of polarization P (q) which is the difference of the electric flux on the two boundary surfaces perpendicular to the q direction.)
We have 2P [q] = k * N k * (k * are points in the Brillouin Zone wwhere the Pfaffian matrix wanishes) . Due to the lattice periodicity Bloch theory allows us to define the polarization as modulo an integer. We recover the result P = 0 for k * N k * = even and P = 1 2 for k * N k * = odd [6] . P represents the topological invariant for d = 3 space obtained from the response theory.
Topological Crystals This method is also be appllicable to T opological Crystals where a mirror reflection invariant η = (
with the property η 2 = −1 replaces the T 2 = −1 invariant. Inspired by [54] the authors in ref. [55] proposed that SnT e has a mirror plane perpendicular to the [110] direction. A band inversion at the four L points in the Brillouin zone between SnT e and P bT e can be achieved for the mixed crystal P b 1−x Sn x T e. The k · p model near an L point [55] is given by:
where M ( k) is the inverted mass (has zeros in the Brillouin zone), σ = ± The mirror invariant η with the property η 2 = −1 can be found such that the condition for the polarization is different from the one given by the time reversal invariant points.
The reflection symmetry from the plane perpendicular to [1, 1, 0] is given by the transformation
The operator of reflection which acts on the states is given by a rotation of an angle π around the axes [1, 1, 0] and is accompanied by an inversion trough the origin. A simple calculation shows that the mirror operator is given by M = (
As a result the state |φ( k) > is transformed to |φ M ( k ) > and the Hamiltonian h L ( k) obeys the symmetry:
Next we include the anti unitary conjugation operator K and define the operator η = M K = (
⊗I]K which obeys η 2 = −1 (this is similar to the time reversal operator T = −iσ 2 K). We obtain the invariance transformation:
At the invariance points k M one obtains the conditions: . At this stage we will follow the strategy proposed in section A. We identify the pairs of degenerate eigenvalues. For this case we expect to find a Kramers pair of eigenfunctions |V s=1 ( k; M ( k) > and |V s=−1 ( k; M ( k)) >. When the mass parameter M ( k)) has zeros we observe that the matrixŴ s,
Pfaffian which vanishes at some k's, M ( k) = 0. Due to the zeros of the Pfaffian it is not possible to construct a single eigenfunction for the entire Brillouin zone. We observe that the eigenfunction at − k is related to the eigenfunction with k in the following way: 
IVa-Topological invariant for Superconductors
For superconductors we can not use electromagnetic waves therefore we will use sound waves. In the presence of the elastic crystal deformation the deformed coordinates gives rise to spinconnections (which are obtained from the derrivatives of the metric tensor). Similar to the Electromagnetic field the spin connection ω (a,b) µ arises from the covariant derivative of the electronic spinors in elasticity [42, 39] ,
[ 41, 42, 92, 93, 94] . The topological invariant being the Pointriagin index [97, 98, 99, 100] . At this point we use the relation between the second chern character ch 2 and the Chern-Simons form
For superconductors we can use the invariance in the entire Brillouine zone obtained by combining the time reversal invariance and the particle-hole symmetry. As a result one can find a unitary matrix Γ, Γ 2 = 1 which anticommutes with the Superconductor Hamiltonian. One can show that the Hamiltonian can be brought to the form ( due to the Superconducting gap we can use a flat Hamiltonian):
we identify the winding number
In one dimensions we have
For two dimensions one identifies the Z 2 index with the Pfaffian matrix (the Pfaffian at the time reversal invariant point is equal to the matrix elements of the Hamiltonian components q( k) [20, 53, 95] ):
IVb-Topological invariant for Superconductors from sound waves response
We consider a p − wave superconductor which in the presence of sound ibecomes a deformed superconductor Hamiltonian. In the absence of the sound waves the p − wave superconductor is given by,
∆( r, t) the pairing order field, µ F ( r) is the space dependent chemical potential and τ 1 ,τ 2 τ 3 are the Pauli matrices in the particle-hole space. We assume that in one region µ F ( r) > 0 and in the complimentary region µ F ( r) < 0. For µ F ( r) > 0 the superconductor is topological and is characterized by the topological invariant with the Chern number Q∈Z [78] , in the region µ F ( r) < 0 the superconductor is non topological. At the interface µ F ( r) = 0 (between the two regions) the spectrum will contain bound states, Majorana zero modes. The change of sign of the chemical potential in space gives rise to the Majorana fermions.
The effect of large crystal deformation on the superconductor Due to the large deformation introduced by the dislocation localized at R b , the crystal coordinates are modified from r = [x, y] to R( r) = [X( r), Y ( r)].This allows to introduce the static strain field e a i = ∂ i X a , a = 1, 2 and i = 1, 2. Due to the dislocation the the area dXdY is modified to
] is the Jacobian of the transformation, As a result the chemical potential
For an edge dislocation the coordinate transformation is given
. B (2) is the Burgers vector in the y direction. This transformation gives for the Jacobian
. As a result the chemical potential µ F ( r ≈ R b ) vanishes. Due to the presence of dislocations the chemical potential changes sign giving rise to Majorana fermions. The presence of sound waves deform the p − wave Hamiltonian The sound waves field u( x, t) change the coordinates from r ≡ x = [x, y] to x + u( x, t) = X = X a=1 , X a=2 where u( x, t) = [u (1) ( x, t), u (2) ( x, t)]. The strain field are defined by E i a = ∂ a x i , e a i = ∂ i X a are related. We have:
For the sound waves u( r, t) we have: (2) is multiplied by the Jacobian J = e 1 1 e 2 1 − e 1 2 e 2 1 ≡ Det[e a i ]. The deformed p − wave Hamiltonian H (def ormed−p−wave) takes the form:
∇ i is the covariant derivative given in terms of the spin connection: ω
The spin connection has been derived in [?] in terms of E i a and e a i . The spin connection is determined from the zero torsion condition, ∇ i e a j − ∇ j e a i = 0. We have,
Where
Once the spin connection is know we can perform the path integral over the Dirac' fermion. As for the Yang-Mills theory the fermion integration in 2 + 1 dimensions generate a non-Abelian Chern-Simons term. We perform the path integral integration tor the fermion field C † ( r, t) and C( r, t) and obtain the effective sound action S top−sound [42] . The topological term is given by,
where
. c counts the number of the Majorana edge modes. For the Topological Superconductor we have µ F > 0 and c is non zero. For this case Majorana modes are on the edge of the sample. As a result the effective sound action S top−sound allows to identify the Topological Superconductor. It is important to mention that the connections ω a i = ω a i (t) are function of the driving force which excites the solid. Due to the high order derivatives it is difficult to observe such terms in the laboratory. For this reason we will look for an alternative way to identify the Topological Superconductor. This result is similar to the gravitational Chern-Simons term [13] .
The alternative way might be dislocations which give rise to Majorana Fermions. Majorana Fermions which can absorb sound waves for frequencies below the Superconducting gap.
V-Equation of motion in the B.Z. for non commuting coordinates
The methodology of a "curved" space induced by the spin orbit coupling in the B.Z. was described in terms of the connection A α,β
for the coordinates. This allows to introduce the first and second
terms of the covariant coordinate (or polarization) X a = x a + A a ( k) ( x a is the coordinate in the momentum space x a = i∂ k a ) . The approach is is based the non-commuting covariant coordinates , F a,b = [X a , X b ]. For example: in the eigenvalue representation the Hamiltonian is given by:
where R is the matrix covariant coordinate. The Heisenberg equation of motion are given by:
When the real space is curved, due to dislocations or magnetic fields the momentum operator k a is replaced by a covariant momentum matrix
where g = Detg r,t is the metric tensor [7] . As a result, the real space curvature is given by,
The equation of motion for the covariant momentum is accordingly modified:
The basic ingredients are the commutators in the k space Ω a,b = [K a , K b ] for the momentum and
VI-Topological invariant in two space dimensions using the topological invariant in four space dimensions.
The topological response for time reversal invariant systems in one and two space dimensions is not entirely clear . In three space dimensions we can use the Chern-Simons form K 3 (A, F )] to relate the the second Chern number C 2 in four space dimensions to tree dimensions using the relation
In four dimensional momentum space the second Chern number C 2 is given by an index operator. In ananalogy with the index operator for the Dirac equation I introduce the index operator in the momentum space Ind. iR 4 :
The operator iR is defined in terms of the non-Abelian spin connection :
γ 5 separates the conduction band from the valence band. In order to show that the index operator in four space dimensions is related to the index operator in d=2 space dimensions, we introduce the transformation :
where θ parametrizes the S 1 circle (see figure 13 .4 page 521 [8] ). Next we construct a family of gauge fields:
The parameters (t, θ) form a disc D 2 with ∂D 2 = S 1 . We construct fromD 2 ×S 2 a manifold S 2 ×S 2 . We will call the patch (t, θ) the northern hemisphere U N and (s, θ) the suthern hemisphere U s and the equator S 1 of S 2 corresponds to t = s = 1 (see the figure with the two half sphere, figure 13 .4 page 521 in [8] ). The gauge potential in 2 + 2 dimensions can be written as:
A( k) is the non-Abelian spin connection in two space dimensions. On the equator t = s = 1 we have :
where d is the exterior derivative [8] in two dimensions, d θ is the external derivative on S 1 and
is the spin connection in 2 + 2 dimensions. We use the relation, 
|det[iD(A)]| is gauge ivariant and only the phase w(A, θ) is anomalous and gives the winding number ν 1 , on the disc D 2 there are points at which det[iD(A)] vanishes. The index Ind. iR 2+2 is given by,
where the curvature F is given by,
ν 1 is the winding number which is is even or odd and corresponds to the index Z 2 introduced earlier.
Folowing the procedure used before which relates the Chern character to the Chern-Simons form
we find:
. For θ = 0 we find W = 1 and Ind iR 2+2 = ν 1 (ν 1 is the winding number ) which is identical to the Z 2 index introduced by [6] . The procedure presented here allow a direct construction of the Z 2 invariant in two dimensions as an emergent object from four dimensions and therefore is related to the electromagnetic or sound wave response defined in four space dimensions. Contrary to early procedures which used dimensional reduction the procedure proposed is based on deforming the spin connection A to a family of higher dimensions gauge potentials A g(θ) .
VII-Supercoductivity on a TI surface
We will construct the dual action for a Topological Superconductor which includes the Majorana zero modes. We consider a situation where the chemical potential µ > 0 obey µ > ∆ (the pairing field). Following [30] we have situation where the low energy spectrum resembles the p x + ip y but doesn't breack time reversal symmetry. The projected Hamiltonian is given by,
where e iθ( k) =
) gives rise in the momentum space to a vortex, F (
The Hamiltonian in the long wave limit is obtained by replacing the kinetic energy
is replaced by
by a spatial derrivatives (in real space). The gauge transformation in the presence of a superconducting vortex is: ∆( r) → ∆ 0 e iθ( r) ; ∆ * ( r) → ∆ 0 e −iθ( r) ; C( r, t) → e −i 2 θ( r)Ĉ ( r, t); C † ( r, t) →Ĉ † ( r, t)e −i 2 θ( r,t) . In the polar representation the fieldĈ( r) =Ĉ(r, φ) and C † ( r) transform in the presence of the vortex phase θ( r),Ĉ(r, φ + 2π) = −Ĉ(r, φ) ,Ĉ † (r, φ + 2π) = −Ĉ † (r, φ). Consequently for a 2π vortex the fieldsĈ( r) ,Ĉ † ( r) are double-valued. The chemical potential µ ef f. in the presence of a superconducting vortex at r → 0 changes the sign.
Folowing [16, 79] we observe that this Hamiltonian has a zero mode Majorana solutions with the
Next we consider few vortices , we limit ourself to N = 1 (odd vortices) localized at the space time coordinates [ R 1 (t)], ....[ R 2n (t)] . At this points the amplitude pairing field is |∆( r, t)|. We consider a situation where the 2n vortices are far from each other. Each vortex corresponds to one Majorana Fermion [16] γ i , i = 1, ..2n. ∆( r, t, ) = |∆( r, t, )|e iθ( r,t) ≈ ∆ 0 e iθ 0 ( r,t) e iθv( r,t) θ v ( r, t) ≡ θ v ( r, t; R 1 (t), .... R 2n (t) The phase θ v ( r, t) satisfies :
In order to evaluate the effect of the Majorana vortices we introduce the Majorana density,
The Majorana current density is given by,
The Berry phase involves the time derrivative of the Majorana operatorsγ 2a−1 (t) ≡γ( R 2a−1 (t), t) andγ 2a (t) ≡γ( R 2a (t), t). We compute the time derivative
, t) which are defined with respect the moving coordinates R 2a−1 (t), R 2a (t) ( the position of the vortices). We construct the dual action introduced in ref. [80] :
In order to evaluate the effect of the motion of the Majorana vortices we replace the 2n Majorana fermions by n spinless fermions. The field C µ ( r, t) acts as a constraint which imposes the relation
The vortices are described by 1 2 a v λ ( r, t). In a regular superconductor the vortices are screened and the ground state response of the external magnetic field gives rise to the Meisner effect. In our case the constrained action modifies modifies the electromagnetic response. We obtain the contribution from the motion of the vortices in terms of the vortex density κ. We introduce the variables r = r odd = |
| our results show that thee effective action for the Majorana fermions can be seen as probability distribution P (r) for a vortex which at the time T = −∞ was at r = 0 and migrate at T = ∞ a distance r (see fig.1 ).We will further investigate this effective action. Due to the localization of the half vortices given by P (r) allows to replace the Berry phase in Eq. (40) by a static Berry phase,
VIII-Transport trough Majorana Fermions-Resonant Andreev crossed reflection. A direct evidence for a topological superconductor can be observed from transport. Attaching two metallic leads to a superconductor which support Majorana fermions one can observe the resonant Andreev reflection [25] and the Crossed Majorana fermion Andreev transmission . Superconductors have an Andreev reflection ∝ ( Γ ∆ ) 2 which is smaller in comparison to the resonant Majorana Andreev reflection which is of the order of 1. Most of the work done was for reflection ( an incoming electron is reflected as a hole and a charge of 2e is propagating in the Superconductor) was investigated with the help of the S matrix [24, 25, 26, 27, 6, 28] . One of the difficulties for investigating the resonant Andreev crossed reflection (an incoming electron at lead 1 is reflected as an outgoing hole in lead 2) is due to the fact that the Majorana modes have a finite energ. The S matrix is obtained by imposing the continuity equation an unitarity. From otherhand the Majorana modes makes it difficult to compute the S matrix and to represent it as a Dyson series S = T e 
are the two component spinors localized at the positions r = R 2a−1 and r = R 2a . We introduce the spinless fermion operators ζ † a , ζ a , a = 1, 2, 3...n and construct the Fermionic path integral. The transformation between the two representation is given by:
..n The low energy Hamiltonian takes the form :
a ζ a , a is the overlaping energy for the Majorana Fermions i aγ2a−1γ2a . For an odd number of Majorama Fermions ( we will have for the 2n + 1 Majorana an unpaired Fermionic) ,we choose forγ n+1 =
. The coupling of the Fermions to the two leads is given by
(We assume two metallic lead at x = − L 2 (first lead ) and x = L 2 (second lead ). Keeping only the Majorana Fermions we replace Ψ σ (x, y) with the zero mode two component spinorĈ 0 ( r). Due to the fact that the superconductivity arises on T.I. surface with the eigenvector |u + σ ( k) we consider only a single spin polarization.
A pair of two Majorana vortices
Contrary to the single Majorana half vortex, the presence of two vortices induces a current trough the superconductor. We will compute the Crossed Andreev reflection which is a process which an incoming electron from lead 1, is turned into an outgoing hole in lead 2. In this case a single electron at each lead is tunneling into the superconductor to form a Cooper pair. For simplicity we consider two such vortices localized at the edges of the superconductor with the tuneling Hamiltonian and Majorana ovelapp:
The overlapping of the two Majorana Fermions is given by i 0γ1γ2 which are localized at different position and are not-orthogonal. We replace the Majorana operators with their fermionic represen-
. We integrate the Majorana fermions and obtain the S matrix for scattering between the leads:
We expands the fermion operators in the leads using the right and left movers.
We apply on the left leads a voltage V /2 and on the right leads a voltage −V /2. As a result we obtain for each leads two Green's functions:
Θ(x) is the step function (zero for x < 0 and one for x ≥ 0) The current in the leads is given by:
. In order to compute the current we will compute the Green's functions as function of the tunneling parameter and the voltage applied on the two leads:
2 ) (right lead). The self energies for each leads are a function of the frequency ;Σ 1,R (ω), Σ 1,L (ω) and Σ 2,R (ω), Σ 2,L (ω). We find:
(53) The real part of the self energy is used to compute the wave function renormalization
which is a function of the bandwith Λ. Due to the nonlinearity of the effective action we need to use the scaling equations [33, 34, 82, 85, 83] for the coupling constant g 2 , which determines the widthΓ . We will use the Bosonization method for impurity model in one dimensions. We find the R.G. equation for the width. 
We find that for a pair of vortices the Andreev crossed reflection obeys
h (see fig.2 ) and for a single vortex 
dirrection by a T.I. surface (which might be disordered). The length of the two superconductor in the y direction is W (we can create two superconducting rings with two holes where the flux can pierced by imposing periodic boundary condition in the y direction). The Josephson geometry has been used to suggest a phase transition of the Topological Insulators [31] . Section D2-Proposed model and plan of operation The boundaries of the two superconductors run in the y direction are described by two Majorana modes
In addition we assume a set of Majorana modes randomly distributed in the region
with randomly distributed overlaps. The Majorana Hamiltonian for the boundary of the superconductor, and the the the overlaping energy in the region − L 2 ≤ x ≤ L 2 , g l,1 g l,2 is proposed to be :
We note that the positions (x l , y l ) and the values g l,1 g l,2 are randomly distributed, l can be even or odd. In addition we will couple the two superconductors to two metallic leads and apply a voltage V between the leads.
Using the Fermionization methods introduced in the previous section we replace the Majorana Fermions
, y = 0) by a single fermion ζ(y), ζ † (y) similarlly we use for the Majorana Fermions α l (x l , y l ) , (l = 2r ,l = 2r − 1) the spinless Fermions f r , f † r . The scattering matrix S is obtained by integrating out the two sets of Majorana, we obtain S as a funtion of the leads Voltage and the random variables g l,1 g l,2 . We assume a specific ensembles [101] to study the Josephson conductivity. As a function of this distributions we expect to find a phase transition in the conductivity (it could be related to the strength of the disorder or and the even or odd number of Majorana modes). For treating the random distribution we will use known methods [101, 40, 43] . For this project a sudent will compute the S numerically. determined by the matrix M (ω; f 1 , f 2 ) and is given by I i (f 1 , f 2 ) , i = 1, 2 . The current in each ring is given by,
We investigate the case of equal fluxes, f 1 = f 2 = f .Due to the fact that L = N l the hoping matrix elements are real. In particular the Majorana energy 0 couple like a regular impurity to a set of states determined by the two rings . Effectively the integration of the electrons in the rings renormalizes the energy 0 to epsilon ef f. ( 0 , f ) = 0 + Σ(f ) where Σ(f ) is the shift in energy caused by the energy in the ring E(n, f ). This result show that when the Majorana energy goes to zero the only contribution to the persistent current comes from the perfect wire. This dependence is due to the ground state energy which changes with the flux given in figure 3 . In the presence of a Majorana Fermion we have in addition to the persistent current comes from the perfect wire contributions like epsilon ef f. ( 0 , f ) = 0 + Σ(f ) which is are determined by the matrix M (ω) and are given in fig.4 for the Majorana energy 0 = 0.01 and in fig.5 the Majorana energy 0 = 0.1 The persistent current is measured by the scanning of the SQUID [38] which measures the change in the magnetiztion (The magnetization is proportional to the persistent current). One substractes the persistent current from the perfect wire and extract the dependence on the Majorana energy. In the second stage we will investigate the case for different fluxex,f 1 = f 2 and investigate the effect of L = N l. The student will investigate numerically this case. In the past only measurements of few rings was possible . In recent years some of the experimental groups have claimed to measure the persistent current in a single ring. Some of the complications are related to the fact that the measurements have been done in diffussive limit (with 10-20 rings) and not in the ballistic limit which we assumed in our calculation. The effect of the diffussive limit ca be study by coupling the rings to a noise bath.
Section F1-Surface Physics-Photoemission
One of the ways to study the topology of the T.I. is to investigate the zero modes. The surface states zero modes (edge states ) for a T I have an odd number of chiral modes N right − N lef t = odd. The surface mode for the 3d T.I. is given by one chiral mode, which is the Weyl Hamiltonian [43] . The conduction electrons have a fixed chirality on the surface of the T.I.. One observes topological surface excitations which are characterized by the integrated Fermi surface Berry curvature of π. As a result, localization is prohibited , [43] . The optical conductivity, the Raman spectrum, the polarization of the photoeletrons and the photoconductivity can reveal the topology of the surface states and spin texture [43, 44] . Recently the use of an innovative spectrometer with a high laserbased light source has shown that the spin polarization of the photoelectrons emitted from the surface of the Bi 2 Se 3 Topological Insulator (T.I.) can be manipulated through the laser light polarization [57] . One finds that the photoelectrons polarization is completely different from the initial states and is controlled by the photon polarization [59, 96, 58] . The interpretation of these experiments are based on the assumption that the surface of the T.I. is flat. We propose to compute the detection of photoelectrons and photoconductivity for an arbitrary a crystal-face boundary. We propose a model for photoemission for a flat surface, and in the second part we will consider the changes which are expected for an arbitrary surface. The experimental results [57] show that the photoelectrons polarization is completely different from the initial states and is controlled by the photon polarization. The photoemission for the T I involves a four component spinor for the bulk, a two component spinor for the surface and a wave function for the vacuum. The surface electrons at z = 0 have an amplitude
to tunnel into the vacuum (z > 0). As a result the tunneling Hamiltonian from the surface to the vacuum is given by,
Using this result we introduce the following model:
H (surf.) describes the T I surface electrons. We will consider three casses, helical surface, Zeeman gap (∆ and warping ( c ) The vacuum Hamiltonian H (vac.) is controlled by the binding energy V 0 and eigenvaluesÊ = E − µ = (K 2 +k 2 z ) 2m
The vacuum electrons operators obeys the momentum expansions
where L of the order of the distance between the surface of the T I and the detector.
H (ext.) (t) is the electron-photon Hamiltonian restricted to the surface at z = 0. A i ( Q, q z ; t), W i ( K + Q, K) are the photon field and vertex with i = 1, 2. The high intensity photon field A( Q, q z ) is a coherent state |Ω . The direction of the incoming photon with respect to the surface at z = 0 is given by the vector p ≡ Q + q z . The two transverse linear polarizations are given by the vectors e s=1 ( p) and e s=2 ( p) which obey e s ( p) · p = 0. and are perpendicular to the photon propagation direction
θ, φ are the photon polarization angles, |Ω is the the lase coherent state which satisfies the condition a s ( p)|Ω >=â s ( p)|Ω > and˜ is the dielectric constant. The detector is in the plan x − y parallel to the T I surface and perpendicular to the the z axis . 
The spin density n y measured by the detector is given by the Green's function G β,α ( Q, q z ; t, t+ δt):
T stands for time order operator, |O represents the ground state of the Hamiltonian, H (surf.) + H (vac.) + H (surf.−vac.) , the |O c means "connected" diagrams with respect |O . Using Wick's theorem [68] with respect the ground state |O we obtain the green's function G β,α ( K, k z ; ω) to second order in the photon field.
The Green 's function g (c,α) ( K| K, k z ; ω) describes the creation of a vacuum electron with spin α and a destruction of a surface electron, g (α,c) ( K, k z | K; ω) describes inverse process and g (c,c) ( K| K; ω) represents the Green's function for the surface electrons. D s (ω) is the photon Green's function defined with respect the coherent state |O .
We find from that the spin density measured by the detector, For the warping case we have,
We observe that dI represents the number of photoelectrons per solid angle θ d φ d for the surface energy . This number depends on the number of photons N s , the ratio between the Fermi momentum K F and the photon momentum p ph. = Ω c the effective charge e · τ 2 and chemical potential µ In order to plot the function dI we will use the values: µ = 0.1eV is the chemical potential,V 0 = 5eV is the binding energy Ω = 5eV is the laser frequency, τ = 0.1 is the dimensionless tunneling parameter, K F L = 10 7 is determined by the distance from the surface sample to the detector, v F = 5 × 10 5 m sec is the Fermi surface velocity , e 2 4π ˜ = 1 137 is the fine structure constant and N s = 10 12 is the number of photons. We find that 10 12 photons are needed for two photoelectrons to be emitted. Figure 1 shows the the number of photoelectrons emitted for ∆ = 0. For ∆ = 0.05eV the intensity is suppresed closed to the Fermi surface. For the warping case, c = 0.05eV ,the intensity is a function of φ d .Each time the angle φ d = (2n + 1) π 6 , n = 0, 1, 2, .. the intensity is maximum and is reduced when the angle is φ d = (2n + 1) 
Using the definition given in Eqs.(4 − 6) we obtain the relation between S y andP
The spin density for the linear polarization e s (φ, θ), s = 1, 2 is computed for the p polarization which corresponds to e s=1 (φ = 0, θ). The s polarization is obtained for e s=2 (φ = 0). We find:
The detection of the spin polarization is affected by the photon polarization. We have the relation:
In figure 5 shows the polarizations for ∆ = c = 0.P Figure 6 shows the warping effect one the polarization, Section F2-surface states for an arbitrary crystal-face boundary Photoemmision, photoconductivity, optical conductivity and scanning tunneling microscopy are sensitive to the nature of the surface states. The topology of the surface states is affected by the physical boundary. For an arbitrary surface we need to solve the problem using a curved coordinate bases which rotates from point to point. For this type of problems the non-coordinate bases ∂ a , a = 1, 2, 3 introduced by Cartan [8, 9] is related to the Cartesian directions ∂ µ , µ = x, y, z.
For example a point on a surface is given by the vector r = [x(u 1 , u 2 ), y(u 1 , u 2 ), z(u 1 , u 2 )] and by the coordinates on a surface (u a=1 , u b=2 ) with the normal to the surface E N . The two sets of coordinates are related throught the matrix E c are the connection one form matrix (see [8] page 285). We will consider first the Weyl Hamiltonian for cylindrical coordinates (this problems has been considered in the literature [70, 71, 15, 69, 74, 75] and here we will introduce a different method in order to deal with the arbitrary crystal face boundary. The Weyl Hamiltonian in Cartesian coordinates is :H 2d = (−i)[σ x ∂ y − σ y ∂ x ]. We put the Hamiltonian on a cylinder and take the axes x = x 1 ; y = x 2 = r sin[φ] and z = x 3 = r cos[φ]; r = x, r sin[φ], r cos[φ] . We propose to study this problem using the non-coordinate basis given by Cartan [8] : u a=1 = x ,u a=2 = φ and r is the coordinate in the normal direction E N ; the derivatives are∂ a=1 = ∂ x ;∂ a=2 = 1 r ∂ φ ;∂ N =3 = ∂ r and the differentials (one form) are given by: θ 1 = dx; θ 2 = rdφ; θ 3 = dr. The coordinate basis is not fixed, therefore connection Γ a a,b will be generated. The connection Γ a a,b are determined from the Cartan's structure equation for the Torsion Section F4-The Hamiltonian a crystal face cylindrical boundary In order to understand why the curved coordinates emerge, we will consider a three dimensional T.I. with the mass dependent gap is in the z direction. Such a T.I. has a surface boundary perpendicular to the axes z with crystal-face [x, y] plane localized at z = L. To simplify the discussion, we consider a situation where the crystal-face is cylindrical with the cylindrical axis in the x direction and length L x > L. As a result, any point on the surface of the cylinder is given by the set of coordinates r = [x, L sin(φ), L cos(φ)].
The four-band model for the three dimensional T.I., Bi 2 Se 3 [6] of size L x × L × L . is given by H = H ⊥ + H where τ are the Pauli matrix for the orbitals and σ represents the spin: We have for z > L, M → ∞, therefore we obtain a zero mode on the surface, given by the two dimensional Weyl Hamiltonian on the surface x × y. For a crystal-face which is cylindrical, any point on the cylinder makes an angle of φ with the z axis. We consider a situation where the surface perpendicular to axis z (the direction of the mass gap is given by H ⊥ ) is is a surface of a cylinder. Any point on the surface can be viewed as rotateg by an angle φ (the new asis z makes an angle φ with the original axis z for which the mass gap has been introduced ) The axes z becomes the radial direction on a cylinder. The tranformed Hamiltonian H is expressed in terms of the covariant derivative ∇ a . H ⊥ and H are given by : The hamiltonian H ⊥ has zero mode solutionsΩ( r), H ⊥Ω ( r) = 0 whereΩ( r) = η τ,σ Ω( r) is given as a product of a scalar function Ω( r) and the spinor η τ,σ . The scalar function is localized at r = L and vanishes for r → ∞. Using the eigenvalues of σ x and τ 1 we find: η τ =1,σ;cos(φ)>0 =
